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Abstract 

In this article we consider the following generalized quasi-geostrophic equation 

d t + u ■ V6 + vhPe = 0, u = A a TZ ± 9, xeM 2 , 

where v > 0, A := \J — A, a G]0,1[ and /3 G]0, 2[. We first show a general criterion 
yielding the nonlocal maximum principles for the whole space active scalars, then mainly 
by applying the general criterion, for the case a g]0, 1[ and (3 G]a + 1, 2] we obtain the 
global well-posedness of the system with smooth initial data; and for the case a G]0, 1[ 
and /3 G]2a, a + 1] we prove the local smoothness and the eventual regularity of the 
weak solution of the system with appropriate initial data. 

1 Introduction 

We consider in this paper the following 2D generalized quasi-geostrophic equation 

(d t 9 + u-V9 + uA^e = 0, 

\u = A a TZ ± 9, 9(0, x) = 00(e), 



(1.1) 



where a G]0, 1[, /3 g]0, 2] and v > 0. The operator A' 3 := (—A) 2 is defined through the 
Fourier transform 

A"/(C) = ICI^/(C), 

and 1Z := (—1Z2,TZi) are the usual Riesz transforms 

TLMx) := Cp.v. f Xj - % 6(z)dz, j = 1,2. 

y R2 \x - z\ 6 



(ll.ip may be termed as the active scalar evolution equation in general. Here, we say the 
function 9(t, x) an active scalar if it satisfies 

d t e + u- ve + uA l3 e = o, e(o,x) = e (x), (1.2) 
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where /3 £ [0, 2] and u is denned by 9 in some way. When a = in (jl.ip . it corresponds to 

the more well-known active scalar equation the quasi-geostrophic equation, which arises 

from the geostrophic study of the strongly rotating flows (cf. [5]). When a = 1 and (3 = 2, 
although the flow term in (jl.ip vanishes, we can still view another active scalar equation — 
the magnetogeostrophic equation introduced in [12] as a meaningful generalization of this 
endpoint case, where the divergence-free three-dimensional velocity u satisfies u = M[6] 
with M a nonlocal differential operator of order 1. When a e] — 1, 0[, it is just the modified 
quasi-geostrophic equation introduced in [8] by Constantin, Iyer and Wu. 

(jl.ip has the scaling invariance, i.e., if 6(t,x) is a solution of (jl.ip . then 

6 x (t,x) -»• X^ a - l 9{\H,Xx), A > 

is also a solution. Thus according to the L 00 maximum principle (cf. [9]), we say f3 > a + 1, 
/3 = a+l and /3 < a+1 are the subcritical, critical and supercritical cases, respectively. Note 
that when a = 0, it just corresponds to the classification of the classical quasi-geostrophic 
equation. 

Compared with the quasi-geostrophic equation, (jl.ip only has an additional operator A a 
in u; but this positive derivative operator will always produce much difficulty, so that many 
results can not (at least directly) extend to the generalized quasi-geostrophic equation (jl.ip . 
Before further proceeding, we first recall some noticeable results about quasi-geostrophic 
equation. It has been known since [19] that the quasi-geostrophic equation has the global 
weak solutions for all cases j3 g]0, 2] and the global smooth solution associated with suitable 
initial data for the subcritical case f3 > 1. See [6j[22] for other global results related to the 
subcritical case. For the critical case j3 = 1, Constantin et al in [4] showed the global well- 
posedness of the classical solution under the condition that the zero-dimensional L°° norm 
of the data is small. This smallness assumption was removed by Kiselev et al in [15] , where 
they obtained the global well-posedness for the arbitrary periodic smooth data by using a 
new method that may be termed as the nonlocal maximum principle method. Almost at the 
same time and from another totally different direction, Caffarelli and Vasseur PQ resolved 
the problem to establish the global regularity of weak solutions by deeply exploiting the De 
Giorgi method. See [H] for a third but also quite different proof of the global regularity issue. 
For the supercritical case fi < 1, although the problem that whether the equation has global 
regularity or not is still open, some partial results have been proved. Local well-posedness 
for arbitrary initial data and global well-posedness under a smallness condition have been 
considered by many authors (cf. [31 fl3j [23] and references therein) . From the direction of 
weak solutions, Constantin and Wu in [7] showed a regularity criterion for the weak solutions 
in terms of the uniform (in time) Holder estimates. Based on the criterion and considering 
the eventual regularity issue, Silvestre in [20J proved that for some ft < 1/2 but sufficiently 
close to 1/2, the weak solutions become regular after a finite time; and then Kiselev in [16] 
developed the nonlocal maximum principle method to show the eventual regularity for all 
the supercritical range j3 G]0, 1[, see also [10] for another proof by developing the method 

of p3]. 

The equation (jl.ip with general a in u was firstly introduced in j!8], where Constantin 
et al considered the critical case a s] — 1,0[ and f3 = a + 1 and they showed the global 
regularity of the weak solutions by applying Caffarelli- Vasseur 's method. Then the authors 
in [18] treated the whole critical case a G] — 1, 1[ and j3 = a + 1 by using the method of [IB"] : 
for the case a G] — 1,0[, global well-posedness of the smooth solution was proved; while 
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for the case a G]0, 1[, global well-posedness of the smooth solution was obtained under the 
condition of small L°° initial data. For the supercritical range a g] — 1, 0[ and (3 g]0, a + 1[, 
Kiselev in [16] also showed the eventual regularity of the weak solution. 

In this article we focus on the regularity issue of the generalized quasi-geostrophic equa- 
tion (jl.ip . Since (jl.ip is more "singular" than the classical quasi-geostrophic equation, we 
can not expect to obtain better regularity results than the corresponding results in the 
quasi-geostrophic equation. In fact, we here prove the global regularity for all the subcrit- 
ical case, the local and eventual regularity for the case a g]0, 1[, (3 G]2a, a + 1]. First for 
the subcritical case, we precisely have 

Theorem 1.1. Let v > 0, a g]0, 1[, /3 e]a + l, 2] and the initial data 6 G H m (R 2 ), m > 2, 
then there exists a unique global solution 

9 G C([0,oo[;^ m )nLL([0,oo[;F m+/3 / 2 )nC oo (]0,oo[xIR 2 ) 

to the generalized quasi-geostrophic equation (jl.lj) . 

For the critical and supercritical cases, we need to introduce the notion of weak solution. 
Based on Theorem ll.il it will be convenient to consider the following system with additional 
viscosity 

d t e + u ■ ve + vhPe - eAe = o, 

u = A a TZ ± 9. 6(0, x) = 9 (x). 

Note that if the regularity of 9q is very low (e.g. 6$ G L 2 ), we can replace 9q(x) by the 
mollified data ip e * 6o(x). Then passing to the limit e — > 0, we can get a weak solution for 
an appropriate range of a, /3 (see Proposition 16.31 in the appendix). Then our main result 
is the following. 

Theorem 1.2. Let v > 0, a G]0, 1[, j3 £}2a,a + 1] and 9 G H m (R 2 ) with m > 2. Let 
6(t, x) be the weak solution of (jl.ip obtained by taking the limit e — > of the corresponding 
smooth solution of (ll.3p . Then there exist < T\ < T<i < cxd which depend only on v, a, {3 
and 6*o such that 

6 G C^QO^xM 2 ) nC°°(]T2,co[xlR 2 ). 

The local part of Theorem 11.11 and Theorem 11.21 corresponds to Proposition 16.11 in the 
appendix, and the global existence issue of the weak solution is considered in Proposition 
16.31 We use the newly developed method from |15j IT6] to treat the global part of Theorem 
11.11 and the eventual regularity part of Theorem 11.21 We first state the general criterion 
leading to the nonlocal maximum principles for the whole space active scalars in the section 
[3l then we apply the general criterion to prove the remaining parts of Theorem 11.11 and 11.21 
in the section H] and section [5] respectively. 

Remark 1.1. In the global part of Theorem 11.1} we use the nonlocal maximum principle 
method to show the Lipschitz norm of the solution is uniformly bounded for all the existence 
time, then combining with the blowup criterion (16. ip leads to the global result. This is very 
different from the process in [BJ [22], and it seems hard to directly apply these classical 
methods to (jl.ip . 

In the eventual regularity part of Theorem 11.21 similarly as [16j fTOj [20] , we base on the 
regularity criterion Proposition 15. 1[ and the regularization mechanism is different from the 
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usual way to prove eventual regularity, which is by combining a global regularity result for 
small data with a suitable decay of some norm of the weak solution. Though in the proof 
of the critical case the decay (in time) of the L°° norm is used, to obtain regularity we still 
need to wait an extra period of time after the L°° norm is under control. 

Remark 1.2. Proposition 15.11 indeed implies the regularity criterion of the weak solution 
for the critical and some supercritical equation (jl.ip in terms of uniform (in time) Holder 
estimates. We note that in the critical case of (jl.ljl . the criterion calls for that the regularity 
index a > ^ with a s]0, 1[, which is essentially stronger than the criterion of the critical 
quasi-geostrophic equation (where a > 0). Thus if we rely on this criterion, it will be not 
sufficient to obtain the global regularity of the critical gQG equation (jl.ip by applying the 
method of Caffarelli and Vasseur [1] (without introducing new ideas). This is analogous 
with the case of applying the method of Kiselev et al [15] (cf. [IS]). It is also interesting 
to point out that a similar regularity criterion with the regularity index a > \ should be 
considered for the critical model introduced in |12| . 

Remark 1.3. The restriction f3 > 2a is from Proposition 16.11 and Proposition 16.31 of con- 
structing local smooth solution and global weak solution respectively. While in the proof 
of eventual regularity, under the condition (3 > a is already sufficient to show the uniform 
(in e) eventual C a regularity (a > 1) for the solution of fjl .3|) . 



2 Preliminaries 

In this preparatory section, we present the definitions and some related results of the Sobolev 
spaces, Holder space and Besov spaces, also we provide some important estimates which 
will be used later. 

We begin with introducing some notations, 
o Throughout this paper, C stands for a constant which may be different from line to 
line. We sometimes use A < B instead of A < CB, and use A <p )T - B instead of 
A < C(/3,7, • • • )B with C(/3, 7, • • • ) a constant depending on /3, 7, • • • . For A w B we mean 
A<B<A. 

o Denote by 5(IR n ) the Schwartz space of rapidly decreasing smooth functions, cS^M") the 
space of tempered distributions, S'(W n )/T :, (W n ) the quotient space of tempered distributions 
which modulo polynomials. 

o T ' f or / denotes the Fourier transform, that is J r f(Q = f(() = f Rn e~ lx '^ f(x)dx, while 
J-~ l f the inverse Fourier transform, namely, J-~ l f(x) = (27r) _n f Rn e tx '^ f(C)d(. 
o Denote by B r {x) the ball in W 1 centered at x with radius r. We abbreviate it by B r , if 
the center is the origin. Denote by B^{x) the complement set of B r (x) in R n . 

Now we give the definition of (L 2 -based) Sobolev space and Holder space. For s € R, 
the inhomogeneous Sobolev space 

H s := {/ G S'(R n ); \\ff Hs := [ (1 + |C| 2 )1/(C)| 2 dC < 00} 

Also one can define the corresponding homogeneous space: 

H s := {/ G S'(^)/V(R n ); := / lC| 2 1/(C)| 2 dC < 00} 
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For 5 G]0, 1[, the Holder space C s is the set of the tempered distribution / such that 



L°o + sup 



\m-m\ 



< oo. 



To define Besov space we need the following dyadic unity partition. Choose two nonneg- 
ative radial functions x, tp G 2?(IR n ) be supported respectively in the ball {( £ K" : |£| < |} 

! < ici < §; 



and the shell {( G M. n : § < |C| < 1} such that 



x(C) + J>(2^C) = i, VCSM"; J>(2^C) = l, vc/o. 

For all / G S'(R n ) we define the nonhomogeneous Littlewood-Paley operators 

:= *(£>)/; Ajf := ^2~ j D)f, S 3 f := £ A*/, Vj G N, 

-l<fc<j"-i 

And the homogeneous Littlewood-Paley operators can be defined as follows 

Ajf := <p(2~W)f; S 3 f := £ A*/, Vj G Z. 

keZ,k<j-l 



Now we introduce the definition of Besov spaces . Let (p,r) G [l,oo] 2 , s G K, the 
nonhomogeneous Besov space 



p,r 



{/ G S'(R"); ||/|| B . r := ||2* ||A,/|| iP || r < oo} 
and the homogeneous space 



B s p>r :={/e5'(R" 



h \\J \\B S 

p,r 



2 js 



Li' 



e r (z) 



< oo 



}■ 



We point out that for all seK, Bf 2 = H s and B s 22 = H s . 

The classical space-time Besov space L p ([0,T],Bp r ), abbreviated by L^,Bp r , is the set 
of tempered distribution / such that 



T p,r 



\* s \\^f\\M 



L»{{0,T}) 



< OO. 



We can similarly extend to the homog eneous one LrpBp r . 

Bernstein's inequality is fundamental in the analysis involving Besov spaces (see [17j ) 

Lemma 2.1. Let f G L a , 1 < a < b < oo. Then for every (k,q) G N 2 there exists a 
constant C > such that 

sup \\d a S q f\\ Lb < C2*( k +<-i» \\f\\ La , 

\a\=k 



C~ l 2« k \\f\\ La < sup \\d a A q f\\ La < C2« k 

\a\=k 



L" 
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Next we state an important maximum principle for the transport-diffusion equation (cf. 

[2D- 

Proposition 2.2. Let u be a smooth divergence- free vector field and f be a smooth function. 
Assume that 9 is the smooth solution of the following equation 

d t e + u -ve + uk^e = /, divu = o, 

with initial datum 9q and v > 0, < (3 < 2, then for every p £ [1, oo] we have 

\m)\\ LP <\\0o\\ LP + f\\f{r)\\ LP dr. (2.1) 



o 

Finally we concern a uniform decay estimate of the global smooth solution of (|1.3p . 
Lemma 2.3. Let a g]0, 1[, /3 g]0, 2] and 6(t, x) be the global smooth solution of the equation 

(USD 

d t 9 + u ■ V9 + uA^6 - eA9 = 0, u = A a TZ ± 9, 0(0, x) = 9 (x), 
with initial data 9q(x) G H m , m > 2. Then we have the decay estimate 

\m\\*-<- — "^'r ^ t>o, 

l + c \m £ ^ Lt \ 

\\00\f L 2 1 

where C is an absolute constant independent of the value of e. 

The proof is quite similar to the proof of Theorem 4.1 and Corollary 4.2 in [9], thus we 
omit it. 



3 The Modulus of Continuity and the General Criterion 

Motivated by |16| . in this section we state a general criterion leading to the nonlocal max- 
imum principles for the whole space active scalars. Here we call the function 9{t, x) whole 
space active scalar if the space variable of the active scalar 9(t,x) is over the whole space 
R n . 

We begin with introducing some terminology (cf. |16]). 

Definition 3.1. A function oj :]0, oof— >]0, oo[ is called a modulus of continuity (MOC) if 
oj is continuous on ]0, oo[, increasing, concave, and piecewise C 2 with one-sided derivatives 
defined at every point in ]0, oof (maybe infinite at £ = 0). We call that a function f : M n — > 
M? obeys the modulus of continuity u if \ f(x) — f(y)\ < oo(\x — y\) for every x ^ y E M n . 

Notice that from the definition, the inverse function of w(£) is uniquely determined, and 
denote it by w _1 (y). Clearly ^(u; -1 ^)) = y for all w _1 (y) < oo, cl) -1 (w(£)) = £, and cj _1 (y) 
is continuous, increasing and convex. If we consider the time-dependent MOC w(t,£), we 
shall correspondingly denote w _1 (i, y) as its inverse function. 

Then the main result in this section is as follows. 
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Proposition 3.1. Let 9{t,x) be a smooth solution of the following whole space active scalar 
equation 

d t 9 + u-V9 + uA^9-eA9 = 0, 9{0, x) = 9 (x), x E R n , (3.1) 

with e > 0, v > 0, (3 E]0,2] and 9 have a suitable spacial decay property (i.e. 
||V#(t)||£oo(£c \ — y as R — > oo for every t > 0). Assume that for every t > 0, u;(i,g) 
is a modulus of continuity and satisfies w _1 (t, J^H^oIIl 00 ) < o° with some fixed num- 
ber 5\ E [§)![)' an d that for every fixed point £, oo(t,^) is piecewise C 1 in time variable 
with one-sided derivatives defined at all points, and in particular that for all £ near in- 
finity, u(t,^) is continuous in t uniformly in £ (i.e. 3M > a large number, such that 
\oo{t + h, £) — u)(t, £)| < e for all £ > M wii/i /i depending only on M,t,e). Assume in 
addition that u(t, 0+) and 9gu;(i,0+) is continuous in t with values in IRUoo, and that one 
of the three conditions below is satisfied 

(a) for every t>0, u)(t, 0+) > 0, 

(b) for every t > 0, u(t,0+) = 0, d^u(t,Q+) = oo, 

(c) for every t>0, u(t, 0+) = 0, d^uj(t, 0+) < oo, 5^a;(t, 0+) = — oo. 
Let the initial data 9q{x) obey w(0,£) := wo(£)- 

TTien 9(T,x) obeys the modulus of continuity w(T, £) provided that uj(t,£) satisfies 

d t uj{t,0 >fi(t,C)^w(t,0 + ^T i9 (t,0 + 2e%w(t,0, (3-2) 

/or all < t < T and £ > snc/i i/icrf w(i,£) < 2||^(t, -) ||i°o , and where f2(i, £) is from the 
bound that for every x E M. n and every unit vector e E M n , 

|(u(i,x + £e) -it(t,x)) -e| < n(t,f) s (3-3) 
and Tp(t, £) is (usually) given by 

T ^ ^,£ + 2»)+a;(t,£-2r/)-2a;(t,£) ^ 
Tp(t,S)=Cf) J ^ dry 



2n + £) - 2n - £) - 2a;(t, £) 



(3.4) 



mi/i an absolute constant depending only on {3 and n. In (13. 2ft . ai i/ie points where 
dtU)(t,£) (d£U)(t,£)) does not exist, the smaller (larger) value of the one-sided derivative 
should be taken. 



Proof. We proceed by contradiction. Suppose that 9(t,x) no longer obeys u(t,£) for some 
t > 0, then we claim that there must exist T* > and two fixed points x ^ y E M n such 
that 9(t,x) obeys u(t, £) for every i < T*, while 

0(r,,£)-0(r,,y) = w(r„|£-y|). (3.5) 

Indeed, denote 

r* :=sup{TE [0,oo[;Vt < T, 0(t, x) obeyso;(t, £)} (3.6) 

in other words, T* is the minimal time that 9(t,x) no longer obeys w(i,£). Clearly, we see 
that 9{T*,x) — 9{T*,y) < w(T*, \x — y\) for all x, y E M n , otherwise from the time continuity 
property we shall get a contradiction (cf. [16J). Then for all x 7^ y E M n , set 

w(t, |x -2/1) 
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Clearly F(T*,x,y) < 1, and we assume that F(T*,x,y) < 1 for all x ^ y, otherwise the 
claim is proved. We shall prove that there exists some small h > such that F(t,x,y) < 1 
for all x, y E 1", x ^ y and i G [T*, T* + h], which contradicts with the definition of T*. 

First, denote Co(t) := w _1 (i, ^ \\9o\\ L oc) with some 5± G [2/3, 1[. When |x — y\ > Cq(T*), 
we have 

2 II^o|Il°o = <Siu;(T*,Cq(T*)) < <5ia;(T*, \x - y\). 

From the uniform continuity property of u)(t,£), there exist a small h\ > depending only 
on M, T*, Co(T*), <5i such that for all |x — y\ > Co(T*) and t G [T*, T* + /ii] 

|0(M)-0(t,y)|<2||0 o || ioo < |x - y\). (3.7) 

Since is smooth and has a spacial decay property, then for every e > 0, there exist 
/i2, R(T*) > depending on e, T* such that for every t G [T*, T* + /12] we have 

l|V0(i)[U (iW < \\ve(T*)\\ LOO{BkTj + 1 < 6. 

Hence for all \x — y| < Cq{T^) and x or y belongs B^ T ^ +Co ^ T ^, we have for every i £ 
[T*,T* + /i 2 ] 

|0(i,s)-0(t,y)| < \\Vd(t)\\ Loa(B o ,\x-y\<e\x-y\. 

Note that from the concavity of co(t, •), we get ^^^"j,^*^ \ x — y\ < oj(t, \x — y\), thus it only 
needs to choose e < ^^j~^y^ so that 

\9(t, x) - 9(t, y)\ < (l/2)u(t, \x - y\). (3.8) 

Next it suffices to consider x,y G 5 'h(t»)+c (t*)- I n a similar way as treating the cor- 
responding part in [IB] , we get that there exist k, /13 > 0, p g]0, 1[ such that for all 
x,y £ Br(t*)+C (t»), x / y, \x - y\ < k and t € [T* , T* + /i 3 ] 

F(t,x,y) < p. 

Then it remains to consider the continuous function F(t, x, y) on the compact set 

K := {(x,y) G M n x M n ; max{|x|, \y\} < R(T*) + C (T*), \x - y| > «}. 

From F(T*,x,y) < 1 on /C and the continuity in time of F, there exists a small number 
/14 > such that the strict inequality holds for every t S [T»,T» + h^] and (x,y) G /C. Let 
h := min{/ii, /12, /13, ^4}, then F(t,x,y) < 1 for all t G [T^T* + /i] and x,y £ R n ,x 7^ y, 
contradicting the definition of T*. Therefore, there have to exist two fixed points x,y (in 
fact in K) such that (13. 5p holds. 

Now in this breakdown scenario, we shall use the equation and calculate the time deriva- 
tive of 9(t,x) — 9(t,y) at time t = T*. Indeed, since 9 is smooth, from (13. Ii we have 

d t (0(i, x) - 0(M))|t=r. = - (u ■ V)9(T„ x) + (u ■ V)9(T„y)- 

- vA 9(T*,x) + vA p 6(T*,y) + eA0(T*,x) - eA9(T*,y) 

Denote £ = \x — y|, £ = j§E|r an d v the arbitrary unit vector orthogonal to £. Then almost 
parallel to Proposition 2.4 in [16] we get 

d t 9(T.,x) = d e 9(T*,y) = d ee 9(T*,x) < %w(r*,|), d u 9(T*,y) > -%^(T„e); 
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d v 9(T„x) = d v 9(T„y) = 0, d vv 9(T*, x) - d vv 9(%, y) < 0. 

So we have 

\(u-V)9(%,x) - («• V)0(T„y)| = \(u(n,x)-u(n,y))-£\d^(U,0 < QiT^Od^iT^O; 
and 

eA6(T*,x) - eA9{T*,y) < 2ed^u(U,0. (3.9) 
And the contribution of the dissipative term can be estimated as (cf. fl~8j ITS]) 

- vA^9(n,x) + uA^9(U,y) < uTf,(T*,S); (3.10) 

Note that in the proof of (|3.10p . there is not much difference between the case (3 = 2 and the 
other case (3 e]0, 2[, only observing that lim^ \ G h(v) = ^ m h^o \ e ~ v /(4/t) < 

thus (|3.10p also offers another estimation of the LHS of (13. 9f) . 

Hence, based on the above analysis, we have 
9(t,x) - 9(t,y)^ < n(r„^w(T»,C) + vT p {T m £) + 2e%w(T*,0 - ftw(T»,e) 



w(t,0 / t=T» - 



9, 

From (13.2H . the RHS of the above inequality is strictly negative, which clearly yields a 
contradiction with the choice of T*. 

□ 



4 Global well-posedness for a G]0, 1[ and fi e]a + 1, 2] 

From Proposition 16.11 in the Appendix, we assume that T* is the maximal existence time 
of the solution of flU]) in C([0, T* [, H m ) n L 2 ([0, T* [, tf m+ §). We shall apply the general 
criterion Proposition 13. 1 1 to show that some appropriate moduli of continuity are persisted, 
which implies that the Lipschitz norm of the solution is bounded uniformly in time. Of 
course, this combined with ()6. 1 j) further leads to T* = oo. 

In fact, from the scaling transformation of we shall find some stationary MOC 

0Jx(0 ■= A^-MAC), Ae]0,oo[ (4.1) 
satisfying condition (c) and o; a " 1 (3||0o||l o0 ) < oo. 

With no loss of generality, we assume that there is a fixed constant cq > such that 
lim^oo w(£) > co, that is w _1 (co) < oo. Then we can choose some A s]0,oo[ such that 

xP -a-l > M^oJkl, (42) 
CO 

and from w^" 1 (y) = ^a;~ 1 ( A/j J / a „ 1 ), we get w^" 1 (3||^o||l° o ) < °o. Now we check the condition 
that 9q(x) obeys u>\(£) for appropriate A. First, from (|4.2p . we know that for every x,y 
such that X\x — y\ > u (cq) 

%(x) - 9 (y)\ < 2\\e \\ L oo < h^-'co < ^ x (\x - y\). (4.3) 
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Second, using the mean value theorem, we have 

\0 (x) -e {y)\ < \\Ve \\ L oo\x - y\. 

Let < 5o < w _1 (co). Due to the concavity of lu, we infer that for every x,y such that 
X\x - y\ < S , 

A /3 ~"~ 1 uj((5o) < u x (\x-y\) 
6 ~ X\x-y\ 

Thus by choosing A such that 

^' a >4U\N0 \\ L ^, (4.4) 

we get that for every x, y satisfying x ^ y and X\x — y\ < 80, 

\9o{x)-6o{y)\<u x {\x-y\). (4.5) 

Finally, we consider the case 5q < X\x — y\ < o; _1 (co). Notice that \0o(x) — 9o(y)\ < 
- ^ c °^ ||V6*o||^oc and X^~ a ~ 1 oj(5o) < lu\(\x — y\). Thus by choosing A satisfying 

A^>^^||W |k~, (4.6) 
to (do) 

we obtain that for every x, y satisfying 5o < X\x — y\ < w _1 (co), 

\0o{x)-e o {y)\<u x (\x-y\). (4.7) 
Hence, to fit our purpose, we can pick 

A = max{(^^)^,^^||V0 o ||L4, (4.8) 



and<5 = o;- 1 (5fe). 

Then it remains to check (|3.2p for such uj\(£) with A given by (|4.8p . For the contribution 
of the nonlinear term, from Lemma 3.2 in |18j . we know: if 9(t,x) obeys then u = 

A a lZ ± 9 satisfies that for every x, y S R 2 

\u{t,x)-u(t,y)\ <fii(0, with £:=\x-y\, (4.9) 

where 

with c a an absolute constant. Thus for such u>a(£) given by (|4.1|) . correspondingly, by 
changing of variable we get 

n,,>(« = C .( J ( < ^, +{j r^d,)=rt I M. (4.11) 

While for the dissipative term, from (|3.4p . we see 

/ /•| q;(e + 2r ? )+^(g-2r / )-2a;(g) ^ f 00 u^r? + g) - ^(2t? - £) - 2o;(Q 

T ^ ) = c Hy o ^ ^+7, ^ ^ 

(4.12) 
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thus for wa(£)> we have 
Then (13.21) reduces to 



T /3 ,A(e) = A 2/3 - a - 1 T^(AC). 



equivalently, 



fii,A(£M(0 + ^^(0 < 0, for all £ > 0, 



A 2/3-a-i^ iC y + „T^)(Af) < 0, for all £ > 0. 



Next, we shall construct a suitable modulus of continuity in the spirit of [15J. Choose 
two small positive numbers < 7 < 5 < 1 and define the continuous functions uj as follows 



«(0 = £-^ 



if 0<£<<5, 

if e>5, 



(4.13) 



Note that, for small 5, the left derivative of u at <5 is about 1, while the right derivative 



equals 



4(<5+<5/3) 



< 4. So cl> is concave if 5 is small enoug h (e.g. 5 < i). Clearly, w(0+) = 0, 



u/(0+) = 1 and o/'(0+) 



-00. Due to /3 > 1, cj is a bounded function, and at least 



limg^oo > = (5 — 62 . 

Then our target is to show that, for this MOC u, 

fii(0w'(0 + "TVKO < for all £ > 0. 
More precisely, we need to prove the inequality 



V 



l+a 



u{r)) 



2+a 



di] 



+ cpv 



w(C + 2r/) +w(e-2r?) - 2w(£) 



1+/3 



d?/ 



+C/3Z/ 



w(2»/ + 0-w(2r;-e)-2a;(0 



dr/ < for all £ > 0. 



Case 1: 0< £ < 5. 

Since < u/(0+) = 1 for all r/ > 0, we have 



and 



Further, 



Jo *7 + io f 1 - " 



5 ?7 2 + a ' a + l5 a+1 a+lj s 4r? Q+1 (r/ + T]P) 
11 7 1 2 A „ 

- a + 1 5 a 4(a + l) 2 ~ <5" ~ ? ' 

Obviously < u/(0) = 1, so we get that the positive part is bounded by c^ 1- " a ^_ a ^ ■ 
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For the negative part, we have 



I cj(£ + 2r/)+a;(£- 277)- 2u;(£) , ^ [I w"0£)2r7 2 



<*y o ^ d ^y o -^ d * 



Due to that = — §£ 2 < 0, we infer that the last expression is bounded by 

But from (3 > a + 1, clearly £ 1_a (^r^y - ^£l+ Q -^ < on (0,(5] when 5 is small 
enough (i.e. < 

Case 2: £ > 5 

For < 77 < 5 we still have uj(rj) < 77 and for <5 < 77 < £ we have w(r/) < then 

7o I- a a V s y-a(l-a) 

where the last inequality is due to that | < J — (5 2 = u(S) < for 5 < |. Also 



< 1 "(0 , 7 1 MO 

~ a + 1 4(a + l) 2 ~ i a+1 ' 

Thus the positive term is bounded from above by 



v a(l-a) / vs/ - 5 Q ^ a(l-a) v v ~ a(l - a) ^ ' 

where in the first inequality we have used the fact that < £ + £p. 
For the negative part, we first observe that for £ > 5, 

under the same assumptions on 5 and 7 as above. Also, taking advantage of the concavity 
we obtain uj(2i] + £) — cj(27y — £) < w(2£) for all 77 > |. Therefore 

f°° ^(2r? + Q - 0^(27? - Q - 2u,(fl A <, f° 1 , ^ c /^(6 



_| r/i+Z 3 '- p 2 Ji rf+f* '- 2 ^ ' 

But ^( ftffa) - ^) < if 7 is small enough (i.e. 7 < min{5, ^ (1 2 ~ a)c ^ a }) . 

Therefore, the solution 9(t,x) obeys the MOC OJ\(0 with A given by (|4.8p for all i G 
[0,T*[, and this directly yields sup tG [ 0j T*[ ||V0(t, -)||i,«> < A. 
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5 Eventual regularity for a e]0, 1[ and j3 E]2a,a + 1] 



5.1 A regularity criterion 



We first state a regularity criterion for critical and some supercritical cases concerning the 
Holder continuous solutions. 

Proposition 5.1. Let v > 0, a e]0, 1[, (3 G]2a,a + 1] and 9(t,x) be a smooth solution 
of (|1.3p with e > and 6o(x) G H m (M. 2 ), m > 2. Suppose that 6(t,x) satisfies the bound 
ll^ll-L°°([£o,T];C £r ) — ^° < to < T < oo, a > max{l + a — /3,a/2}, and Co > an 
absolute constant independent of e. Then for all t £]to,T], s > and p > 2, we have 
\\0(t)\\B a — f(^0}S,p,t) < oo, where the function f(Co,s,p,t) does not depend on the 
value of e in (jl.3p . 



Proof. We mainly follow the method from [8] and [7]. Denote ctq : = max{a + 1 — ft, ^} and 
we first consider a G]o"o, 1[. From the classical L 2 energy method, we know the following 
uniform estimate 



+ 2u I ||A^(r)||| 2 dr<||0o|li2, * e [0,oo[, 
J o 



Since a > ctq > 0, thus by interpolation, we immediately obtain that for every t 6 [£o>^1 
and p > 2, o\ = a(l - |) 

Y l-2/p n „ ,,4/p 



^<\m)h/ \m\\h<cr /p \\oo\ ]L2 . 

Due to a £]<7o, 1[, we can choose 

2 

P>Pi-=z (5-1) 

I -(To 

such that o"i > o~q. Then we claim that, from the a priori uniform estimate 

ll e llr«>([to,r|;i£ L oonBS,o ) - Cl ' ( 5 - 2 ) 

with C\ is a constant independent of e, we can show an improvement of the regularity that 
there is 02 chosen later such that 02 > o\ and for every t\ e]to,T] 

sup P&h^nB^^ <9(ti,<ri,Ci), 

where g is a function given in the sequel independent of e. 

Indeed, we apply the homogeneous dyadic operator A q (q E Z) to (|1.3p to obtain 

d t A q 9 + S q+1 u • X7A q 9 + uA^A q 9 - eAA q 9 = F q {u, 9), (5.3) 
with u = A a TZ ± 6 and 

F q (u, 9) := S q+1 u • VA q 6 - A q (u • V0). 

Multiplying both sides of (|5.3p by | A q 9\ p ~ 2 A q 9, integrating over the spacial variable and 
using the divergence-free property and the following generalized Bernstein inequality in [3] 

/ A~<A q f(x) \A q fr 2 A q f(x)dx > c2^\\A q f\f LP , 7 G [0,2] 
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with c an absolute constant independent of g, we have 

~||A,^)||^ + ci/2^||A,^)||^< / F q ( U ,e)\A q er 2 A q 6dx 

Thus, 

j t \\A q 6(t)\\ LP + cv2^\\A q 9(t)\\ LP < \\F q (u,9)\\ LP . 
It follows that for every t € [to,T] 

||A,0(t)||LP < e-^^WA^hr + f e" cu2q " (t ' T) \\F(n,6)(T)\\ LP dT. 

J to 

On the other hand, for F q (u, 0), by virtue of Bony decomposition we get 

F q (u,9)= {S q+ iu-S k - lU )-VA k A q 6- ^ [A„ S k ^u ■ V]A k 9 

\k-q\<l \k-q\<4 

- A 9 (A fc n • VS k ^9) - A q (A k u-VA k 6) 

\k-q\<4 k>q-3 

:=I + 11 + III + IV, 

where [A, B] := AB — BA denotes the commutator operator and Aj := Aj-i + Aj + Aj+i. 
For /, we directly have 

||/|| LP < 2i\\A q 9\\ L ~ Y H A <HU* £ 2^ +1 - 2 -) Hflll^ \\9\\ B ^ . 

Q-2<q'<q 

From the expression formula of A q and the mean value theorem, we can estimate II as 
\\II\\ LP < Y 2-«||V5 fe _ 1 n|| L oc||VA^|| LP 

\k-q\<4 

<2- qc7i \\6\\^i V 2 q ' {l+a - ai h q '^ II A Ql e\\ L oo < 2 ^ 1+a - 2 ^ \\9\\^i \\e\\i,<ri . 

~ 11 "-t> P ,ao L J 11 y ,[±J ~ 11 n -Dp,oo 11 "Boo,oo 

<?'<9+2 

For 77/, we obtain that for o\ < 1 
II^IIlp^ E l|A fc «||ip||V5 fc _ie|U=o 

|fe-q|<4 

< 2 <?(Q ^ CTl) ||0|| i j CT i oo ^ 2 9 ' (1 ~ ,Tl) 2 9Vl ||Ag/0|| LO o < 2 <?(1+q - 2cti) 



, CO / i i i i i - — .... Dp oQ -Doo , OO 

g'<g+2 



For the last term, since u is divergence free and <ti > § we get 
II^IIlp<2' ? ^ ||A fc u|| LP ||A fe 0|| L ~ 

fc>g-3 

<2 9 ||0|U*i V 2 fc ^ 2ai )2 fc ' 71 ||A^|| L oo < 2 qi - l+a ~ 2 ^ \\0\\fri \\e\\^i . 

-£*P,CO L J -Dp.OC -000,00 

k>q-A 
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Hence collecting the upper estimates we infer that for every t G [io)^~1 

\\\0(t)hp <e~ cu 2 ^ (t - to) ||A^(t )||LP + C a (<7i) !\-^^2^ a ~ 2 ^\\e{r)\\^ \\0{ 

< e— 2 ^C*-*o)||A^(t )|Up + lK j 2? (l+a-^-2a a ) 



B 1 1 



t 00 (rf (T i nR " 1 ^ 



Multiplying both sides by 2 9 ^ 2cti+/3 a ^ and taking the supremum of q, we obtain 

-1 < SUp ( e -^(t-to) 2g (<7x+/3-a-l)) Cl + Ca^ffi)!/- 1 ^ 2 , 



■ 2(T1 +/3- Q - 

where Ci is from (|5.2|) . Prom o"i > 1 + a — /3, we have for all t\ G]io> T], 

sup ||fl(i)||^ 1+ /,-a-i <sup(e- c ^( tl - i °)2^+^ Q - 1 ))C 1 +C'^(a 1 )^ 1 C 1 2 := 5 (t 1 ,a 1 ,C 1 ). 
te[ti,T] ^p- 00 9 eN 

Thus for all t x €}t ,T], we have 9 G L°°([ii, T]; E^ p ~ a ~ x ). Clearly 2<ti + /3 - a - 1 > 01; 

• 2cri+/? a 1 ' 2cri+/3 — a — 1 — — 

in addition, from Besov embedding i? Pj0 o -Boo,oo P , we also need 2o"i + (3 — 

a — 1 — | > <7i, which in turn leads to 

2 

P>P2-= 7— sr. (5.4) 

ai — (l + a — p) 

Hence for a% := 1o\ + (3 — a — 1 — | with p > max{pi,p2} and for all ii G]io> T], we have 
with 

Ph^dti^BZ^) ~ H llL-([t 1 ,T];< c i + ^ a - 1 ni: 2 ) - C"5(*i,^i,Ci) 

and 

II^IL- ([tl ,T];BS i0o ) £ l^ll L -([t 1 ,T];< c i + ' 3 - a - 1 ) " C ' ^1^1, d)- 

Next we can iterate the above process through replacing o"i, 02 by o"2, 03 and so on; that 
is, from 6 G L°°([tjv_i, T]; n JV > 1 with t N -i <t N <T, and 

ll^ll-L-C^-i^^nsSyoo) ^ 9N-i(t N -i), 

where oo(^o) = Ci 5 and 

gN-l(tN-l) ■= C'g(t N _i,a N -i,g N - 2 (tN-2)), N > 2, 
then we definitely get G L°°([tjv, T]; Sp^ 1 n B^i 1 ) with 

\\ e h~([t N ,T];B;^ +1 nB^) ^ 9N(t N ) 



provided that un < 1 and p > max{pi,p2}- Note that we do not need any additional 
assumption on p, since for every N > 1, ctat+i > cat an d fjv+i + — 1 — a — |>0. In fact, 
from the relation o"at+i = 2a^ + P — 1 — a — |, iV > 1, we explicitly have 

ajv+i = 2^(<ri + P - 1 - a - 2/p) + 1 + a + 2/p - /3, JV > 1. 
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Due to that for some p > maxjpi,^}) the fixed increment a\ + (3 — 1 — a — | is positive, 
then o"7v_|_i is ever increasing and it can always be attained provided that crjy < 1. Thus 
after a finite time iteration, say Nq (Nq > 1), we obtain that ctn +i > 1 and 

l|0(*)|U CT ;vo+i n i%+i < 9N (tN ), Vt e [tjv ,r]. 

- D p,oo ' |J=, oo,oo 

From C^o+i = n L°°, we also get ^^^([^^.c^o+i) < C'g No (t No ). 

We then devote to find some p' e]2,oo[ and <t such that a > 1 + ^ and € 



L°°([t]y () , T]; 2 ) uniformly in e. Let a' = crjv 0+ i(l — -7), by interpolation we get the 
uniform bound that for every t S [tj^ Q ,T], 



1-- 



2 



l|fl(*)ll B ^ < INIl* + ll^)IL4 0+1 INII 2 < C 9No (t No ). 

p' ,00 -000,00 

To make a' > 1 + ^ , we only need to choose some p' satisfying p' > i thus for the 



2 

the continuous Besov embedding B% c —t BZ 2 . 



fixed appropriate <r', we choose a satisfying 1 + ^7 < o < a', hence the claim follows from 



Now for such a,p', in a similar way as obtaining (|6.4p and (|6.12p . we get for every 

te[t No ,T] 

P',2 Jt NQ B p <,2 P',2 

From the equation of 7 (i,x) := (i — t]y ) y 6(t, x) (7 > 0) 

d t 9 7 + u • V6 7 + vAP@~( - eA0 7 = 70 7 _i, B 7 (tAr ) = 0, 
with u = A a lZ ± 0, we infer that for every t € [ijvb,T] 



(5-5) 

Indeed, it reduces to consider the 7 = 1 case; the other cases will follow by induction or by 
interpolation (cf. |18j). Similarly as ()6.4|) . we have 

^ll©i(*)ll^ + ll©iWII 2 s+ u < c(i + \\0(t)\\l^ o+1 )\\@x(t)\\ 2 BS+ , + c\\e(t)f , 

Gronwall inequality ensures that 

<C\W No )\\l, e^^. 1 ^* 

(|5.5p means that for every s > and t G]ijv ,T], we have the uniform bound of the norm 
II^WII-B 8 , • Therefore the conclusion follows from Besov embedding or interpolation (with 
L 2 ) and the fact that t\ < ■ ■ ■ < t]y are chosen arbitrarily in ]io,r]. 

□ 
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5.2 Proof of eventual regularity for a E]0, 1[ and j3 E]2a, a + 1] 



Indeed, according to Proposition 15, II and a standard process of approximation, it suffices to 
show the following uniform Holder estimate of the solution. 

Theorem 5.2. Let v > 0, a E]0, 1[, (3 E]2a, a + 1] and 9(t, x) be the global smooth solution 
of (TO]) with e > and 9 (x) E # m (M 2 ), m > 2. Then for every 7 e] max{a + 1-/3, a/2}, 1[, 
there exists a time T depending only on a, /?, 7, 1/, ||#o||l°° such that ||#(i, -)l|c^ is uniformly 
bounded with respect to e for all t >T. 

We shall use the nonlocal maximum principle method to prove Theorem 15.21 (cf.[16j). 
We first claim that some stationary moduli of continuity which imply the uniform Holder 
estimates can be preserved by the evolution of the critical and some supercritical equation 

Ob. 



Proposition 5.3. Let v > 0, a E]0, l[, /3 E]2a, a + 1], 7 e] max{a + 1 — /?, a/2}, 1[ and 
9(t,x) be the global smooth solution of (11. 3ft with e > and 9o(x) E H m (R 2 ), m > 2. For 
every H,5 E M + , set 

} Iww, # (5 . 6) 

Suppose that H > 2(1 + ci)||#o||l°° * s satisfied for some c\ E]0, 1/2] and the initial data 
9q{x) obeys Then there exists an absolute constant C\ = Ci(a, /3, 7, ^) smc/i £/ia£ i/ 

< Ci<P +1 ~^, the solution 9(t,x) obeys w(£) for all t > 0, independently of e. 

The proof of Proposition 15.31 is placed in the sequel of this subsection. Clearly, the 
function from (|5.6p is a modulus of continuity satisfying w(0+) = and u/(0+) = +00 
(condition (b)). Moreover, if 9(x,t) obeys some u;(£) for a time period I, it implies the 
uniform Holder estimate \\9(t, -)\\c-' < + H^oIIl 00 for all t E /. Hence for Theorem 1 5. 2 ( it 
remains to show that after a finite time T independent of e, 9(t, x) obeys some moduli from 
(EBD for all t > T. 



Here we note that, due to the restriction 2(1 + ci)||6>o||l°° < H < C\5 a+l 13 , not every 
initial data will obey some such moduli. Observe that for \x — y\ < 5, we have 

\9 (x) - 9 (y)\ < \\9 \\c-f\x - y| 7 = 9 ° ^ 6 U Q X _ y \) < 7^-^ ,, — w(|x - y\); 

while for \x — y\ > 5, we get \9q(x) — 9o(y)\ < 2||#o||l o ° < H. Thus 6 E M + should satisfy 
^^+1-/3 > 2(1 + ci)||0 o ||l°° and S~< < 2{1+ ^ff L °° ■ Clearly, we can not choose some 
appropriate 5 so that the two conditions simultaneously hold for all the initial data. Even 
we use the decay estimate of L°° norm (Lemma 12.3ft and consider the solution 9(t, x) = 
9(t + T, x) instead of 9(t,x), we still can not find some suitable 5 uniform in e. However, 
corresponding to the eventual nature of Theorem 15.2^ we shall show that the solution 
will obey some suitable moduli from (|5.6p after a finite time T independent of e, so that 
Proposition 15.31 can be applied to the time-translated solution 9(t,x) = 9(t + T, x). 

Before stating the next key Lemma, we introduce a variant family of moduli 

- lH 5-'^H + (l-l)H5-^l if £E](Uo], 



(H/S^\ if £€]&,<$], (5.7) 

H, if t€]6,oo[, 
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with < £o < 8, 7 g]0, 1[ and H , 5 g]0, oo[. Compared with u;(£) from (|5.6p . the only 
difference lies in that when £ g]0, £o]> is replaced by the tangent line of at £ = £o- 
Clearly cj(£,£o) is a modulus of continuity satisfying that w(0+,£o) > for all £o > 
(condition (a)) and 0+) = Also, any bounded initial data #o(^) obeys if 

2||#o||l o ° < w(0+, (5) = — 7) is satisfied. Then we claim that 

Lemma 5.4. Let v > 0, a G]0, 1[, /3 e]2a, a + 1], 7 g] max{a + 1 — /3, a/2}, 1[ and 6*(i, x) 
6e i/ie global smooth solution of Q1.3|) wifft e > and ^oC^) S -fT m (!R 2 ), m > 2. Suppose that 
H > 2(1+ci)||#o||l°° is satisfied for some c\ g]0, 1/2] and the initial data 9q(x) obeys uj(£,5). 
Then there exist two positive absolute constants C\ = C\(a, /3,7, z/) and C2 = Ciifi ,"1 ,v) 
such that if H < Ci5 a+1 ~^ and £o(t) is the solution of 

j t Ut) = -(hMtf-e, £ (0) = 5, 

i/ien £/ie solution 9(t, x) obeys the modulus of continuity w(£, £o(i)) / or a ^ * satisfying £o(t) > 

0, independent of e. 

The proof of Lemma 15.41 is also placed in the sequel of this subsection. Note that at the 
current state C\ and C2 are two fixed absolute constants and the two C\ in Lemma [5.41 and 
Proposition 15.31 can be chosen to be identical. 

Since = , -C 2 pt) 1 ' /f} , we know that after a finite time T = & /{Ctf), 9(T -,x) = 
9 (To, x) will obey the MOC 0+) = u>(£) and thus Proposition 15.31 can be applied to the 
solution 9(t, x) := 9(t + To, x). Thus to prove Theorem 15.21 it suffices to find some suitable 
H, 5, c\ under the conditions that 

2||0 O |U°° < H(l -7) and 2(1 +c 1 )||6» ||l- < H < Cid^ 1 - 13 . 

The supercritical case is direct, since a + 1 > /3, we only need to choose c\ = minly^ — 

1, ^} and 5 large enough such that b~ Q+l ~P > , then some appropriate H satisfying 
i3^||#o||l°° < H < C\5 a+1 ~P can also be chosen. For the critical case, we shall use the decay 
estimate Lemma f2.3l to obtain that after a finite time independent of e, say T, \\9(T, x)\\l°° < 
C\(l — 7)/2, then we only need to choose the same c\ as in the supercritical case, some H 
satisfying j=z\\9(f < H < d and replace 9(t,x) by 9(t,x) = 9(t + f,x). 

Now, we are devoted to the proof of Proposition 15.31 and Lemma 15.41 We shall apply 
the general criterion Proposition 13.11 and due to that the solution 9(t,x) (or the translated 
solution 9(t,x)) and the moduli £o(*)) satisfy the conditions needed, it reduces to 

check the inequality (13. 2D . Thus first we should know the expression of 0(t, £) in (I3.2D . In 
fact, from Lemma 3.2 in |fSJ , we have had a rough estimate: let 9(t,x) obeys uj(t, £), then 
n = A a lZ- L 9 satisfies that for every x, y G M 2 

x) - u(t, y)\ <c a (£ ^>d V + £ ^dn) (5.8) 

with £, = \x — y\ and c a an absolute constant. The RHS of the expression has very strong 
singularity at the origin, and especially for the moduli £o(*)) with u(0+, £o(*)) > 0, it 
clearly diverges. However, similarly as treating the corresponding case of quasi-geostrophic 
equation in |16| , we can rely on an improved estimate of the dissipative term in the break- 
down scenario to overcome the difficulty. Indeed, we have 
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Lemma 5.5. Let v > 0, a s]0, 1[, j3 e]2a,a + 1] and 9(t,x) be the global smooth solution 
of (|1.3j) with e > and 9q(x) G H m (M. 2 ), m > 2. Assume that the modulus of continuity 
u;(i,£) satisfies the assumptions in Proposition I3.il and 6q(x) obeys u>(0,£). Also suppose 
that T* is the minimal time that the MOC to is lost, and x,y E M? , x ^ y are two points 
satisfying 

9(T*, x) — 9(T*, y) = u>(T*, £), with £:=\x — y\. 
Then the following statements are true. 

(1) For xq := (|,0), yo := (— 1,0), there exist a unique rotating transform p and a unique 
vector a 6R 2 such that 

x = px -a, y = py - a. 

(2) We have 

-A (3 9(T*,x)+A> 3 9(T*,y) < (?;,£) + T^(T„£). (5.9) 
Here T^- is bounded by 

Tj(%,0 < -C f | fpA ^ V :^ vdp, (5.10) 

where 

fp,a(t, V, A*) : = 2w(i, 2r?) - Pia (t, r?, /i) + PjO (i, -77, /x) - P)O (i, 77, -p) + P)a (t, -77, -//), 

(5.11) 

and 

9 p , a (t,ri,n) :=9(t,p-(n,p)-a), (5.12) 

and 

B Xe( x o) ■= {fat*) e r2 : No " < ^, A* > 0}. (5.13) 

In the above C, ro > are absolute constants that may depend on [3. 

We place the proof of this Lemma in the next subsection. 

Note that Yjg (T* , £) < 0, then according to the structure of the nonlinear term, we can 
control the strong singularity near the origin in terms of — T«. Precisely, we have 

Lemma 5.6. Under the assumptions of Lemma ] 5. 51 and let u = A a lZ ± 9, i := Z~y\ ■ Then 
we have 

\{u(T m ,x)-u{T*,y))-£\<n{T*,Z), (5.14) 

with 

n(t, = a(- ^ a rj(t, o + £ jH ^r^rj + c a u(t, £)) , (5.15) 

where A is an absolute constant that may depend on a, (3. In particular, if w(t,£) is 
from (|5.6p or u>(£, £o(*)) from (j5.7j) . we a/so ge£ 

fi(t, = A( - (P- a rj(t, + C a co(t, 0) ■ (5.16) 
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We also place the proof of the Lemma in the next subsection. 

Now based on the above two Lemmas, we prove Proposition 15.31 and Lemma 15.41 as 
follows. 

Proof of Proposition \5.3[ It suffices to check the following inequality 

n(Ooj'(0 + i/I>(£) + uTj(0 < 0, V£>0, (5.17) 

where T p,Yjj are defined by (|5.6p . (|5.16p . fj3.4j) and (|5.10p respectively and we have 
omitted the time variable due to the time independence. The case ^ > 5 is obvious from 
= H. While when £ e]0, 5], we only need to prove 

ACMtWiO + ) < 0, and - A^- a oj'(0^(0 + i/T£(£) < 0. 

From oj(0 = <J(Q = = "7(1 - and 

"I 

/o -7 



1/3(0 < cp I drj < p uj (£), 



we have to call for that 



and 

-Al^-^TjiO + ^(£) = ( - A^^^ily^- 1 + v)rj(0 < 0. 

Due to £ e]0, 5], 7 > a + 1 — (3 and < 0, both inequalities can be guaranteed by 
the condition Sa +i_-p < C\ with Ci some positive number satisfying C\ < min{z/c^(l — 
7 )/A,i//(A 7 )}. ' ' □ 



Proof of Lemma \5.4\ It suffices to check the following inequality that for all £ > and t > 

- fltw(£, £o(t)) + n(t, &(*)) + ur p (t t + uTj(t, < 0, (5.18) 

where = w(f,f (*)) from d52| and fi,T^,T^ are given by (f5TT6T) . (ET4"|) and ([5TTU1) 

respectively. The case £ > 5 is immediate due to £o(*)) = F° r the case £ G]£o(*))^]> 
since £o(*)) = Jr^ 7 ) almost parallel to the proof of Proposition 15.31 we know that (I5.18P 
holds for sufficiently small C\. We then consider the case £ g]0, £o(*)]j and it only needs to 
verify the following estimates 

- dte>(£, &(*)) + (u/2)T p (t, £) < 0, (5.19) 

and 

C^K, Co(t))^w(C, &(*)) + (f /2)T^(t, < 0, (5.20) 

and 

-A^-^(£,£ (t))T^(t,e) + i/T^(t,0 <0. (5.21) 
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From w(£,£o(*)) = 7#^"^ + (1 - 7)£# for £ e]0,£ (*)] and $,(<) < 0, we get 



"Mf ,&(*)) = 7(1 " 7)f fe 7 " 2 ^ " eo 7 " 1 )^ < "7(1 - 7)§# _1 & 



and 

"&&(f))^fc,&(t)) = T^S! 7 " 2 ^ + (1 - 7)6) < T^^ 1 - 



For the dissipation term T^, we obtain 

T/3(t,0 < C/J y dry < -Cg ^ , 

where we have used the inequality w(£ + 2t],^q) — uj(^ — 2r],£o) — 2w(£,£o) < —2uj(0,^q). 
Then by virtue of f£ = -C 2 ^ _ ' 3 and w(0,£ ) = (1 - 7)^£ 7 , the LHS of (15TT9D can be 
bounded by 

-7d - 7)|fiT'6 - 5«(i - 7) £« = (i - 7 )^r (tC - ^(f) e )- 

Clearly, the last expression is strictly negative if C2 is sufficiently small (i.e. C2 < — 
Also, the LHS of (15.20P and (15.21h can be respectively bounded by 

A 7^ 7 4o 4 - §1 ^{ Ar y 6 a+l-A S ) \£ ) 2 ^ 7 V' 

and 

H cl -i p ± e\±,.v±n t\- ( _ a-. H f €o\'Y+P-<*-i(t_\P-a , 
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Due to 7 > a + 1 — /? and (3 > a, the last expressions of both formulae are (strictly) negative 
if Ci is sufficiently small (i.e. Ci < min{ — — , -J^}). □ 



5.3 Proof of two technical Lemmas 

In this subsection we are dedicated to the proof Lemma 15.51 and Lemma 15.6 



Proof of Lemma \5.5[ Statement (1) is obvious. We then consider (2). First denote by 
Pj n (i) the n-dimensional kernel of the operator e~ hts ^ , indeed from [2] we have the following 
explicit expression that for every f3 g]0, 2[ 

<n(*) = <M \ . (5.22) 

(|x| 2 +/3 2 h?) 2 

Thus we have 

-hP0(T*,x) + A^T,, y) = lim \ (vL * 0(T*, x) - vL * 0(T*,y) - 0(T*,x) + 0(T*,yj). 
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Since 9(T*,x) — 0(T*, y) = cj(T*, £), it only needs to estimate the difference of the remaining 
terms. Also for brevity we omit the time variable T* in the sequel. Then 

V{ 2 * 6(x) -V% 2 * 6(y) = [ {V^ 2 (px - a - z) - V^ h2 (py - a - z))9{z)dz 



[ dp f 

Jr Jo 



[ d ^ / {Vh2^ ~V,P) -Vh 2 (i + 7 7,P))(8 P Av,P) -6 P ,a{-V,P))dv 
Jr Jo z z 

« 2 (| " V,p) ~ < 2 (f + V, /x)) W (2 ?? )dr ? + 

/ d/i I™ {rf 2 d-v,p)-rLd + v,p))(o P Av,p)-e P A-v,p)-u(2v))^ (5.23) 

Jr Jo ' 1 1 

:=T^(e) + T^(0. (5.24) 
In a similar way as treating the corresponding part in [18J or [16J, we know 

limJ(T i9 , fc (0-w(0) = T^(0, 
n— >o n 

with Tg(£) is given by (|3.4]1 . Now we estimate lim^o 7^/3 /!,(£)■ Clearly the integrand in 
(|5.23p is always negative, and for the integral we only consider a small part that is near the 
dangerous point xq = (|,0). In fact, from (|5.22|) and the fact that h is arbitrarily small, 
there exists a small universal number tq g]0, \[ such that for every z G B ro ^(xo) C M 2 , we 
have 

< 2 (x - z) - Vl 2 { m -z)> \vl 2 {x G - z). 

Thus we get 

= i im nl / d ^ / (^2(|- T ?^)-' P f2(I + r /^))( 6 'p I «( ? ?^)- 6, p,«(- r ?^)- u; ( 2r ?)) dr ? 

-i im n^T // ^2(0 ~Vil J )(6pA'n>l J ) ~ e pA~V,p) - u(2ri))dridp 
h^o 2h J J Brodxo) 2 

'pAji p) - QpA-jh fj) - ^( 2r ?) d d 

B rof (zo) |S0-(»7,M)| 2+ ^ ' /U/ ' 

(5.25) 

We note that although the denominator of (15.25j) contains the non-integrable singularity, 
the whole integral is still absolutely integrable due to the cancelation in the numerator. 
More precisely, from 6 P Axo) ~ QpAvo) = we know di8 P A x o) = dlOpAvo) = 

and d20 P A x o) = ^OpAvo) = 0- Thus according to Taylor formula, we further obtain that 
for (rj,p) G B rQ ^(x ) 

e P Ari,p)-o P A^o) > d^A^Mv- f) - llV \ ho ° ((v-^) 2 + p% 
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and 



and 



? P ,a(-r/, M) " W~ |> 0) < 9i0p,o(-|, 0)(-r? + |) + 



■((^-f) 2 +A 



w(2t/)-w(0< 0/(0(2*7 -0- 
Then the numerator fp^iViL 1 ) — 2||V 2 # Pia ||Loo |x — (77, | 2 , and from the polar coordinate 
expression we see that the integral absolutely converges for every (3 e]0, 2[. □ 



Proof of Lemma 15,61 In the sequel we always omit the time variable T* if there is no ambi- 
guity. First by the explicit formula of u from Lemma 3.1 in |18| . we know 



u(x) - u(y) < c(a) ( p.v. / — —^9{z)dz - p.v. 



x — z 



\y - z[ 

where c(a) is a fixed constant. We shall split the integral into several parts. For the 
difference 



x-z\>2£ 



\X — Z\ 



y-z 



>2? \y-z 



3+a 



0{z)dz 



parallelling to the proof of the corresponding part in Lemma 3.2 [18J or Lemma 5.2 [16], we 
obtain that it is bounded from above by 

u(rj) 



2+a 



d V + CTMO. 



with C a positive constant that may depend on a. Then, recalling that B ro ^(x) or B ro ^(y) is 
the disk centered at x or y respectively with radius ro£, where tq is the number introduced 
in Lemma 15.51 we get 



I, 



x-z\<2Z,z£B roi {x) 



x — Z 



\x-z\<2€,z<tB roi (x) \ x ~ z , 
< C / -^dr < CCMZ) 



{x f +a (e(z) - e(x))dz 



A similar estimate is true for the corresponding integral with replacing x by y. 

Now we consider the contribution of the dangerous part the integral over B ro ^(x) 

and B ro ^(y). Here note that what we really need to treat is \(u(x) — u(y)) ■ £\. Thus from 
x = pxQ — a and y = pyo — a, we have 



{x-z) L -£ Q( 

3+^ 9 ( Z ) dz 



B rQ( (x) \X~Z, 

(x - z) x • ei 



Bro&o) \X0~Z\ i+a JB r ^(y ) 12/0-2 



^^e Pj a{z)dz 



B rQi {x ) \xo- (r?,/i)| 
A* 



3+a P 



ro( ( yo ) \Vo- C*7» A*) I 



3+a P 



a (rj,n)dr]d(j, 



ro? (x ) |x - (r/,/i)| 



3+Q V U P.« 



(ry,/i) - p>a (-i],iJ,))dr)dn 



(fp,a(?7, M) - 6 P ,a(-V, M) - ^,a(f?, ~m) + Op, a (-i], -p))dr]dp 



(5.26) 
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where B^(xq) := B ro ^(xo) fl {/i > 0}. We claim that the last expression is bounded from 
above by 

Indeed, comparing it with (|5.10p . we first have that for every (77, /x) E i3^(xo) and j3 S 
]a,a + 1], 

0<^ -!-—— = - p — —- - < 



1*0 ~ (v^)\ 3+a \x - (v^)\ 1+a ^ \x - (V,ri\ 2+fi ~ \x - (V,^)\ 2+ ^ 
where C is a constant that may depend on a, /?. Second, we get 

where f Pt a(v^) is defined by (15. lip . In fact, it directly reduces to two obvious estimates 
9 P) a(rj, fj,)-9p ;a {-ri, n) < u(2rj) a nd 6> P ;Q (r/, -y)-9 P)& {-r}, -y) < u)(2rj). Therefore, gathering 
the above estimates, we obtain (|5.14jh 

The proof of (|5.16p is similar to the corresponding part in Lemma 4.3 or Lemma 5.3 in 
[16] , and we here sketch it. First we consider defined by (|5.6p . For the case £ G]0, <5[, 
from u>(rj) < ^rf 1 for all 77, we have 

For the case £ > <5, from = -ff, we get 

r/ /+Q 1 + q 1 + a 

Then we consider £o(*)) defined by (|5.7p . For the case £ e]0, £o(*)]> we split the integral 
into two regions: from w(£o,£o) — Tr^ w (£>£o)) we know 

^ r/ z+a 1 + a (l + a)(l — 7) 

and 



* TT^^^ * (l + a-7)(l-7) r ^ g0) - 
The remaining case £ > £o(t) is identical to the case £ > of thus we omit it. □ 



6 Appendix 

6.1 Local well-posedness for a e]0, 1[ and /3 e]2a, 2] 
Our local result of (jl.ip is as follows. 
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Proposition 6.1. Let v > 0, a G]0, 1[, j3 e]2a,2] and the initial data Oq G H m , m > 2. 
Then there exists a positive constant T depending only on a, (3, u, \\0o\\ Hm such that the 
generalized quasi- geostrophic equation (jl.ip generates a unique solution 6 G C([0,T], H' m ) n 

L 2 ([0,T],H m+ 2). Moreover we have G L°°(]0, T], H m+ ^) for all 7 > 0, which implies 
6 G C°°(]0, T] x M 2 ). 

Besides, we have the following blowup criterion: let T* be the maximal existence time 
of9 in C([0,T*[,H m )nL 2 ([0,T*[,H m+ %) and ifT* < 00, then we necessarily have 

T ||W(V)|l!t 2a - /3 dt = 00. (6.1) 





The proof mainly relies on the following Lemma (cf. [18J) 
Lemma 6.2. Let v be a divergence free vector field over M. n . For every q €N, denote 

F q (v, f) := S q+l v ■ VA q f - A q (v ■ V/). 
Then for every 7 g]0, 1[ and p G [l,oo], there exists a positive constant C such that 
2-^\\F q (v,f)\\ LP 

<C\\^- 7 4l~{ E 2^1^/1^+ £ 2^')(^)||A g ,/|| LP ), ( 6 - 2 ) 

q'<q+4 q'>q-4 

Especially, in the case n = 2 and v = A a lZ^f (a g]0, we further have that for every 
7 G ] max{0, a}, 1 [ and q G N 

2~^\\F q (v,f)\\ LP 

<c(w^v\\ L ~ e ^-^\\A qlf \\ LP+ \\A^-y\\ LOC y: iin'/lO- (6 - 3) 

?'>g-4 |g'-g|<4 

Moreover, when 7 = 0, q = 0, (j6.2|) and (j6.3|) ZioZd «/ || A 1_7 z;|| Loo is replaed by ||Vi>|| LOO ; 
and when 7 = 1, a = 1, then (|6.2p and (|6,3p /10/d i/ suc/i a modification is made 



Ha^IU -> IMIbs^ . !l Aa+1 ~ 7 /IU -»• iiv/n LOO . 

Proposition 16. II is similar to Proposition 4.1-4.2 in |18j . and here we sketch the proof. 

Proof of Proposition \6.1i Step 1: a priori estimates. 

We first a priori assume that 6 (and u) is smooth to obtain the uniform B™ 2 { m > 1 + § 3 
p G [2, 00 [) estimates of (Note that here in the proof only p = 2 case is used). We claim 
that the smooth solution 0(t,x) satisfies 

^\m)\\ 2 Bm 2 + \\9(t)\\ 2 m « < aA „ ||V0||it 2a ^||0||^ 2a ||^||| m2 + ||0||i P (l + ||0|| Bm2 ). (6.4) 
Indeed, for every q G N, by applying the dyadic operator A q to equation (jl.ip we get 

d t A q e + s q+lU ■ vA q e + = F q ( u ,e), 
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where 

F q (u,0) = S q+1 u- VA q 6- A q (u- V6). 

Due to that A q 6 is real-valued, thus multiplying both sides by \ A q 6\ p ~ 2 A q 8 and integrating 
in the space variable, we obtain 



l±\\A q 9\\ p LP + u I (kPA q 6{x))\A q 0\v- 2 A q 6(x)dx< [ {F q ( U ,6))(x)\A q e\ p - 2 A ( 



9(x)dx 



KllF^e^iiA.ef' 1 



The generalized Bernstein inequality in [3] yields that an absolute constant c > (e.g. c = 1 
when p = 2) independent of q can be found such that 

\j t \\\n% + cri* \\A q e\f LP < \\F q (u, 8)\\ LP WA^f- 1 . 
Thus we further have 

— \\A q 9\\ 2 LP + |V ||A^|| 2 iP < ^(2"«! \\F q {u,e)\\ Lv ) 2 - (6-5) 
From (|6.3p . we know that 
2"«4 ||F,M)|| iP 

SHA 1 "**^ £ 2(^')a-f) ||A 9 ,0|| iP + HA^-f ^|| i0 o £ ||A^|L (6-6) 

Also notice that for some number KgN 
.£ „ . „ .„j.i_£„,, „ „ 



LP 



HA 1 "! ull^cc + ||A Q+1 -f 6\\ Lao < ||A x -2 A^eWgo + ||A Q+1 -f 

oo,l oo,l 

K-l oo 

< £ 2 A; ( Q+1 -i)||A^|| LO o + E2- fc (§- a )||A fc V0|| L o O 

fc=— oo k=K 

<2^ +1 "l)||0|| L oc+2^-i)||V0|| LOO , 
thus choosing satisfying ||6>|| LOO 2 K sa ||V6>|| L oo, we infer 

iia^Iuiuoc + nA a+i -f < nv<tr- f ii^ifr . (6.7) 

Plunging the above two estimates (j6.7j) and (|6.6p into inequality (|6.5p . then multiplying 
both sides by 2 2qm and summing up over g£N, from Young inequality we obtain 



\j t T. 22qm nvig, + f E 229(m+f) ii viiL s J u^iiit 2 ^ ii^ii^ 2q nC™ 2 • (6.8) 



On the other hand, we apply the low frequency operator A_i to (11. ip to get 

dtA^O = -uA^A^O - A_i(« • W). 

Multiplying both sides by | A_i(9| p_2 A_i#, integrating over the spatial variable and using 
the positivity formula of the dissipative term, we obtain 

~ ||A_i0||£ p < / divA„ 1 ( U e)(x)\A_ 1 e\ p - 2 A- 1 6(x)da 

<\\ u \\ LOO \\0\\ LP \\A^e\\ p L -\ 
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We see that 



\u 



^(E+Ejii^^ii*- 

j<-i j>0 

< 2^||A^|| L oo + ^2^- 1 )||A,v^|| L ^ < \\e\\ LOO + \\ve\\ LO 



(6.9) 



i<-i i>o 

thus we have 

~ \\A^e\\ 2 LP + c ^2-p W^-Mlv < (\\o\\ B ™ + ") W\h ■ (e-io) 

Multiplying ([BTTU]) by 2~ 2m and combining it with fl?TB]) leads to ([O]) . 
Set G(t) := ||0(t)|||m + Jj ||0(r)|| 2 Rm ^ /2 dr. Then reduces to 

P' 2 P,2 

l G (i) < C(G(t) 2 + G(t)), 
where C will depend on u, a, (3, m. Gronwall inequality ensures that for every 

r<iiog(i + i/||0 o ||!™), (6.ii) 



we have 



1 2 



f 1 1 "Oils™ 

sup \\6(t)\\U 2 + / l|g(r)||^/ 2 dr< , lW cr FP ' ((U2) 



Note that (foTTTT) and (I6TT2D hold for all G(0) < ||(9 112 



Dm . 



Step 2: Uniqueness 



Let 6»W, 6»( 2 ) G L°°([0,r],i? m (M 2 )), m > 2 be two smooth solutions to the generalized 
quasi-geostrophic equation (|1.1|) with the same initial data. Denote «W = A a TZ- L 9^, i = 
1,2, 50 = #W — #( 2 ), 5-u = — u^, then we write the difference equation as 

dtSO + ■ V89 + uA p S6 = -Su ■ V#( 2 \ 59\ t =o = 

By L 2 energy method, we have 

~\\m)\\l> + ^Se(t)\\h< [ (6u-V9V))(t,x)66(t,x)dx 
2 at - j R 2 

<[|*u-W< a >(t)|| B \\60(t)\\ 3 

< c^A^seml-J^HMl^-^ + ^5e(t)\\l 2 , 

where in the last line we have used Young inequality and the following classical estimate 
that for every divergence- free / and every s, t < 1, s + t>— 1, 

l|v</|| 

From H m H 2 + a -P/ 2 continuously, we further obtain 

j t \\se(t)\\l 2 <c u ^\\semhP {2 HmH^ 
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thus the Gronwall inequality leads to 59 (t) = for all t G [0,T]. 



Step 3: Existence 

We first regulate the system to get 

J 6? + J N {u N ■ V9 N ) + v h?0 N = 

\u N =A<*K ± 9 N , 9% =0 = J N 9o, (6 ' 13) 

where Jn : I? — > JnL 2 , N G Z + is the Friedrich projection operator such that Jjv/(C) = 
1-Bjv (C)/(0- By Cauchy-Lipschitz theorem, for every N G Z + there exists a unique global 
solution 9 N G C 1 ([0, oo[, i?°°(R 2 )) to the regularized system f|6. 13j> . Then almost paralleling 
to the proof in the step 1, we know the uniform estimate that for all T < ^ log(l+l/||#o||?fm) 

sup \\9 N (t)f Hm + f T \\9 N (r)f Hm+m dr < -ffg , (6.14) 

te[o,T] jo ' UfoIIh". + ije ° -Folium 

where C is a positive constant depending only on v,a,/3,m. From the uniform estimate 
(|6.14p and the uniqueness result, similarly as treating the corresponding part in |18j . we can 
prove that 9 is a Cauchy sequence in C([0,T];L 2 (R 2 )), which implies a strong convergence 
to a function 9 G C([0,T]; L 2 ). By a classical method we know that 9 is a solution of 
the limiting system (Ojl . and satisfies G L°°([0, T]; iF^R 2 )) n L 2 ([0, T]; # m+ ^/ 2 (R 2 )). 
Moreover, similarly as |18j . we can prove the issues of the time continuity in H m , the C°° 
smoothness in ]0, T] x R 2 and the blowup criterion of the solution. 

□ 



6.2 Global existence of weak solutions for a e]0, 1[ and f3 e]2a,2] 
The main result in this subsection is as follows. 

Proposition 6.3. Let v > 0, a g]0, 1[, f3 g]2q,2] and 9 G L 2 (R 2 ). T/ien there exists 
a global weak solution 9 G L°°([0, oo[; L 2 (R 2 )) n L 2 ([0, oof; ^ 2 (R 2 )) for the generalized 
quasi- geostrophic equation (jl.ip . Moreover, 9 will satisfy the following energy inequality 

\\6(t)\\h m + 2u j\\9(r)\\^^ 2 dT < \\9 \\l 2m , t > 0. (6.15) 

The proof follows from the standard process of establishing weak solutions (cf. [21} \T7\ 
I12j). and here we sketch it. 

Proof of Proposition \6.3[ We consider the following approximate system 

d t 9 e + u e • W + uA^9 £ - eA9 e = . 

i (6.16) 

where ip(x) G C£°(R 2 ) is a radial positive function satisfying f tp = 1 and ip e (x) = e~ 2 ip(x/e). 
Clearly, \\ip e * #o||-f/ m II^oIIl 2 f° r all m > 0. Thus for m > 2 and e > 0, from Theorem 
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11.11 the approximate generalized quasi-geostrophic equation (|6.16p exists a unique global 
smooth solution 

9 e G C([0, oo[; H m ) n C°°(]0, oo[xM 2 ). 
Besides, from ||^> e * 0q\\l2 < 1 1 6*o 1 1 ^2 , we also have the uniform energy estimate 

||^(T)||| 2(R2) + 2^ T ||r(r)||^. |(K2) dr < ||0 O ||| 2(K2) , VT > 0, (6.17) 

that is, 9 e is uniformly bounded in C([0, T];L 2 (R 2 )) n L 2 ([0, T]; ii^/ 2 (IR 2 )) for every T > 
0. This ensures that, up to the subsequence, 9 e converges weakly to some function 9 G 
L°°([0,T];L 2 )nL 2 ([0,T];i^/ 2 ) (in L°°([0, T]; L 2 ) the convergence is weak-*). But it is not 
sufficient to pass to the limit of the nonlinear term of (I6.16P in the weak framework. 

We further claim that, 

£ ->0 strongly in L 2 ([0, T] ;Lf oc (M 2 )). (6.18) 

We shall use the classical Aubin-Lions compactness Lemma (cf. [21j) to prove it. For any 
compact subset O C M 2 , since the mapping / -4 xof is compact from H^l 2 to L 2 (cf. 
[17]). with xo( 2; ) £ Co°(IR 2 ) satisfying that it is supported in a compact subset O' and 
Xo( x ) = 1 f° r an x G O, we know that the sequence {xoQ e }e>o is compact in I? . Thus to 
guarantee (|6.18p it suffices to find some suitable Banach space X and ao G]l, 00 [ such that 
L 2 (C) ^ X(O') continuously and d t 9 € uniformly bounded in L a °([0,T];X(O')). In fact, 
we shall prove 

d t 9 e is uniformly bounded in LS ([0, T]; VF~ 2 'A (£>')). (6.19) 

8 

From (|6.17p . interpolation and Sobolev embedding, we have 9 e G L ([0, T]; L 4 -^ (K ). On 
the other hand, due to that the Riesz transform is bounded in L 2 (R 2 ) and if^/ 2 (IR 2 ) 
H a (M. 2 ) continuously, we immediately get u e G L 2 ([0, T]; L 2 (M 2 )) uniformly in e. Thus 

4 1 8 

div^^ 6 ) is uniformly bounded in L3([0,T];W~ '^^(IR 2 )). For the dissipative terms, we 
get eA9 t is uniformly bounded in L 2 [0, T]; H 2 _2 (R 2 ), and vA l3 9 e is uniformly bounded 
in L 2 ([0, T]; (M 2 )). Hence, if the spacial variable is restricted in O', we obtain dt9 e is 
uniformly bounded in Ls ([0, T]; VF" 1 ^ (£>')) + L 2 ([0, T]; iff " 2 (0')) + ^ 2 ([0, T\\ H' 1 (O')); 

4 _ 2 8 

and thus uniformly in Ls ([0, T]; VF ' 8 -' 3 (C)) fr° m the continuous embedding. 
Moreover, we also have 

u e -> u strongly in L 2 ([0, T]; L 2 oc (R 2 )), (6.20) 

that is, 

A a TZ ± 9 € -4 A^fl strongly in L 2 ([0, T]; L 2 oc (R 2 )). 

The proof is similar to (|6.18p . From (|6.15p . we know that for all T > 0, u e is 
uniformly bounded in L°°([0, T]; H~ a (M. 2 )) n L 2 ([0, T]; H2~ a ). By interpolation, u e G 
L 2 ([0,r];L 2 (IR 2 )) uniformly in e, thus u £ G L 2 ([0, T]; iJ^/ 2_a (R 2 )) uniformly in e. For 
any compact subset O C M 2 , since the sequence {xou € } e >o is compact in L 2 , it remains to 

4 _ 2 8 

show that dtu e is uniformly bounded in L3 ([0, T]; W ' 8_ ^ (0 )). Indeed, from the equation 
d t A a K ± 9 t = -A a 7^div(u e r) - vA^H^ - eA a+2 K ± 9 t , 
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we have 
\\d t u 



L A ' Z W 2 '5=?(0') 



< ||div(u e e )|| i4/3 ^_ 1 ^ +vp e \\L%H<*+f>-*®?) + H^II^H" 



u ■ 



+ 



\l 2 t hp/z 



Then (|6.20p follows from the classical Aubin-Lions Lemma. 



Based on (|6,18p and (|6.20|) . we can send to the limit in (|6.16p . Indeed, for any <j> 6 
C~(]0,oo[xM 2 ), we have 



ye e ) ■ - (u6) ■ v<j) 



< 

<\\u 

+ 



'(u 6 -u)-V4> 



u \\l 2 t l 2 (0)\ 



+ 



(9 e - 6)u ■ Vcj) 



\l 2 t l 2 {0)\\ u \\l 2 t l 2 



Finally, we show that 9 is the weak solution of the generalized quasi-geostrophic equation 
(jl.ip . and (|6.15p follows from (|6.17p by a limiting argument (cf. [17]). 



□ 
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